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This paper presents amethod for approximating the state transitionmatrix for orbits around a primary body and

subject to arbitrary perturbations. A generalized averaging method is employed to isolate the high- and low-

frequency regions of the perturbation terms and to construct a functional form of the approximate state transition

matrix composed only of elementary analytic functions. The resulting state transition matrix is expressed with a

small number of constant parametermatrices and osculating orbit parameters at an initial epoch and is valid for tens

of orbital revolutionswithout having to update the parameters. Numerical simulations show that thismethod is valid

for arbitrary-eccentricity orbits with semimajor axes ranging from lowEarth orbit up to around 10Earth radii when

applied to Earth orbits. This method has been developed for implementation onboard spacecraft for high-accuracy

formation-flying missions. Furthermore, it is shown that the symplectic property, which is a fundamental

mathematical structure of Hamiltonian systems, can be incorporated into the method. This not only reduces the

number of parameters required for approximations, but also preserves the physically true structure of the state

transition matrix and provides some important properties that are useful for practical onboard computation.

I. Introduction

A METHOD for approximating state transition matrices for
fully perturbed orbital dynamics is described in this paper. The

generalized averaging method for linear differential equations with
almost-periodic coefficients [1] is applied to derive a simple form
for fully perturbed state transition matrices, composed only of
elementary analytic functions and a small number of parameter
matrices. The primary advantage of this method is that it can provide
a simple mathematical form of a fully perturbed state transition
matrix that is especially suited to use on onboard systems.

There are numerous studies on state transition matrices for orbital
dynamics. The earliest studies on this problem were performed by
Hill [2] and Clohessy and Wiltshire [3], who derived the linearized
behavior of neighboring orbits of a circular reference orbit assuming
two-body dynamics. Lawden [4] developed linearized orbital motion
around an eccentric reference orbit, which also assumes two-body
dynamics, and its solution form was improved by Carter and Humi
[5] and Carter [6].

Most recent developments in theories for the orbital state transition
matrix stem from a growing demand for and development of
formation-flight technologies. It has been found that even for prox-
imity relative orbital motion, it may be insufficient to only consider
the linearized dynamics of Keplerian motions to obtain even
moderately accurate relative orbital motions.

Research to overcome this has mainly occurred in threeways. The
first direction is to add realistic perturbation effects. For example,
the linearized effect of the J2 term can be analytically derived and
included into the state transition matrix around circular or eccentric

orbits [7–11]. The second direction of study is to take into account
not only linearized behavior, but also nonlinear effects. Alfriend et al.
[12] gave a second-order relative motion based on Keplerian ele-
ments representations. Vaddi et al. [13] presented a state transition
matrix that includes the effects of eccentricity, gravitational per-
turbations and nonlinearities.Melton [14] presented a state transition
matrix approach incorporating higher-order eccentricity terms. Park
and Scheeres [15] proposed a higher-order Taylor series expansion
approach to apply to general (perturbed) trajectories. There are also
geometric approaches [16,17] that directly consider the form of
solutions for relative orbital motions, rather than linearizing the
orbital equations of motion. The third direction is to capture the
precise mathematical structure of relative orbital motions. Palmer
and Imre [18] derived second-order relative Keplerian motions that
precisely conserve the relative Hamiltonian and relative angular
momentum. Imre and Palmer [19] presented an integration method
of relative orbital motions that exactly conserves the symplectic
structure of Hamiltonian system. Tsuda and Scheeres [20] derived a
generalized method of solving the symplectic state transition matrix
and applied it to fully perturbed relative orbital motions around
eccentric Earth orbits and Halo orbits.

On the other hand,many formation-flightmissions are proposed or
planned with demanding requirements [21]. It is natural to think that
larger numbers of satellites with more accurate formation-keeping
and control capabilities will be required in the future. For highly
autonomous formation control, a precise model of the relative
orbital motion must be implemented onboard the spacecraft. This
situation is highlighted when a large number of spacecraft are
involved, or only infrequent ground support is expected. Thus, for
highly accurate autonomous formation flying, not only precise but
also simple mathematical representations of relative orbital motions
are important.

The aim of this paper is to provide a simple mathematical form for
the state transition matrix under a fully perturbed environment.
Distinct from the past studies introduced earlier, thismethodprovides
a simple functional form of the state transition matrix and provides a
method of parameter matching to model state transition matrices
for precise relative orbital motions incorporating a variety of prac-
tical perturbation sources, such as geopotential perturbations and
third-body perturbations. Past studies mainly consider differential
geopotential effects as a source of perturbation, but third-body
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perturbations and other perturbation sources may become important
for formation flight in high-eccentricity, large-semimajor-axis orbit;
hence, they are also considered in this study. Sengupta et al. [22]
provided an averaged solution for the eccentric relative motions
incorporating J2, and the parameters appearing in the formulation are
given analytically. In contrast with that, the approximation method
discussed in this paper provides the solution form of the state
transition matrix with arbitrary perturbations, though the parameters
appearing in the solution form must be determined numerically by
curve-fitting to a numerically integrated trajectory. The resulting
mathematical form of the state transition matrix is simple enough to
implement on a spacecraft’s onboard computer without demanding
high performance. Because this method provides a simple way
of interpolating accurate state transition matrices, which usually
requires heavy computational loads and excessive times, this method
is also useful for offline analysiswhen fast and iterative computations
of accurate state transition matrices are required.

This paper is composed as follows. In Sec. II, some basic
derivations of relative orbital dynamics are given to be used in the
following sections. A group of almost-periodic functions, which
we assume to be the general form of the perturbation forces, is also
introduced with some useful formulas. In Sec. III, a generalized
averaging method is applied to the relative orbital dynamics, and the
functional form of the perturbed state transition matrix is derived.
The parameter-matching process and its optimal strategy are also
described. Section IV provides numerical validations for the derived
approximation method under geopotential and third-body perturba-
tions with various orders of approximation. The applicability limit of
this method is also assessed in this section. Section V incorporates
the symplectic structure into this approximation method. Because
nondissipative relative orbital motion forms a Hamiltonian system, it
must have a symplectic structure by nature. It is shown in this section
that by taking into account the symplecticity, higher accuracy for the
geometrical structure of the state transition matrix is obtained with
fewer parameters required. Section VI is the conclusion of this paper.
In Appendices A and B, the solution of two-body relative orbital
motion and the generalized averaging method for linear differential
equations with almost-periodic coefficients, which are used through-
out this paper, are described for reference.

II. Relative Orbital Dynamics as
an Almost-Periodic Function

In this section, we will provide linearized equations of motion for
relative orbital dynamics. Although the derivation is according to a
standard procedure of linearization, a fully perturbed relative orbit is
linearized about a perturbed reference orbit and is expressed only
using osculating orbit information at an initial epoch. We chose the
true anomaly, instead of the time, for the dependent variable. The
true-anomaly representation enables us to deal with orbital dynamics
always as a function of a 2�-periodic dependent variable regardless
of the presence of perturbations and thus eliminates the secular effect
due to the change in orbital period itself.

A. Perturbed Orbit Linearized About a Keplerian Orbit

Orbital motions under two-body (Keplerian) dynamics and
perturbation force are expressed, respectively, as

�r N ��
�

r3N
rN (1)

�r O ��
�

r3O
rO � "f�rO; t� (2)

where rN and rO are position vectors subject to the gravity of the
primary body with the gravity constant �, without and with per-
turbation force, respectively, and "f is an arbitrary perturbation force
with " assumed to be small. The subtraction of Eq. (1) from Eq. (2)
gives, to the first order,

�rO � �rN ≜ ��rON ��
�
�

r3O
rO �

�

r3N
rN

�
� "f�rO; t�

�
�
� �
r3N

�
13�3 �

rNr
T
N

r2N

�
� "@f�r; t�

@r

����
r�rN

�
�rON

� "f�rN; t��O�"2� (3)

where 1n�n denote the n � n identitymatrix. The final transformation
uses a linearization around theKeplerian orbit. Ifwe rewrite Eq. (3) in
the form of matrix differential equation, it becomes

� _xON �
03�3 13�3

GN�t� � �GON�t� 03�3

� �
�xON � "

03�1
f�rN; t�

� �
(4)

where we define

�xON �
�rON
�_rON

� �
; GN�t� � �

�

r3N

�
1 � rNr

T
N

r2N

�

�GON�t� � "
@f�r; t�
@r

����
r�rN

(5)

and 0n�m is the n �m null matrix.
Now let us introduce the conversion matrix from the time-domain

expression to the true-anomaly-domain expression, such that

�x���� �
�r���
�r0���

� �
� T�x�t� � 1 0

0 1
_�
1

� �
�r
�_r

� �

_�� !N�1 � e cos ��
2

�1 � e2�3=2
(6)

where � is the true anomaly, �x���� is the state vector expressed in �
domain, ���0 ≜ �d=d�����, and !N and e are the natural frequency
and the eccentricity of the orbit, respectively.

By applying Eq. (6) to Eq. (4), we obtain the linearized equation
expressed with the dependent variable �, which is of the form

�x0�ON � fA�N��� � �A�ON���g�x�ON � "b���� (7)

where we denote

A�N����
1

_�
f _T���T����1�T���AN���T����1g

AN����
03�3 13�3

GN��� 03�3

" #
; �A�ON����

1

_�

0 0

�GON��� 0

" #

b����� "
1

_�

0

f�rN; ��

" #
(8)

Note that because T��� and AN��� are periodic functions with the
orbital period of the Keplerian dynamics, A�N��� is a periodic
function of � with the period 2�.

Furthermore, we know that the nonperturbed linearized equations
of motion, which are obtained by applying "� 0 to Eq. (7), can be
solved analytically and can be written in the following general form:

�x�ON��1� ���N��1; �0��x�ON��0� if "� 0 (9)

where ��N is the state transition matrix of Keplerian dynamics
expressed within the � domain. It takes the form

� �N��; 0� � 16�6 �
�

2�
W0 �

X
m�1
f��Ncm cosm����Nsm sinm�g

(10)

where W0, ��Ncm, and ��Nsm are all constant matrices. See
Appendix A for the full detail of Eq. (10).
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B. Perturbed Relative Orbital Motion of Two Spacecraft

This subsection considers the motion of a follower satellite,
linearized around the orbit of the leader satellite. We consider the
perturbed orbits for the leader and follower satellites and attempt to
express the relative motion using only information from a Keplerian
reference orbit.

If the leader’s orbit is given by Eq. (2) and the follower’s is given
by

�r P ��
�

r3P
rP � "f�rP; t� (11)

where rP is the position of the follower, the relative orbit between the
leader and the follower can be written as

�rP� �rO≜ ��rPO��
�
�

r3P
rP�

�

r3O
rO

�
� "�f�rP; t�� f�rO; t��

�
�
� �
r3O

�
13�3�

rOr
T
O

r2O

�
� "@f

I�r; t�
@r

����
r�rO

�
�rPO�O�"2� (12)

Since rO � rN � �rON , Eq. (12) is further transformed to

��rPO 	
�
� �
r3N

�
13�3 �

rNr
T
N

r2N

�
� 3�

r3N

��
13�3 �

5rNr
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N
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�
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T
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T
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r2N

�
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@r

����
r�rN

�
�rPO (13)

where �rON and " are treated to be very small and are taken up to first
order. Equation (13) is transformed to the formof amatrix differential
equation as

� _xPO �
03�3 13�3

GN�t� � �GPO�t� 03�3

� �
�xPO (14)

with

�xPO �
�rPO

�_rPO

" #

�GPO�t� �
3�

r3N

��
13�3 �

5rNr
T
N

r2N

�
�rON
rN
� �rONr

T
N � rN�r

T
ON

r2N

�

� " @f�r; ��
@r

����
r�rN

(15)

and GN�t� is given in Eq. (5).
In the same way as we did with Eqs. (4–8), we can transform

Eq. (14) to the equation expressed with the dependent variable �.
It takes the form

�x0�PO � fA�N��� � �A�PO���g�x�PO (16)

where

�A�PO��� �
1

_�

0 0
�GPO��� 0

� �
(17)

and A�N��� is already defined in Eq. (8).
It can be seen from Eq. (16) that, as we saw in Eq. (8),A�N��� is a

periodic function of �with period 2�. We can also see that �A�PO���
is a function ofP, rN , �rON , and "f, and in these, only �rON and "f are
the variables that are not 2�-periodic.

C. Almost-Periodic Function Group and Its Characteristics

Though this subsection is rather independent, we introduce a
group of almost-periodic functions of a special form to prepare for
discussions in the following sections.

Let M denote the group of almost-periodic functions defined as

M ≜
�
f���jf��� 2M; f��� �

X
�1<n<1

X
�1<m<1

fmne
in�ei"!̂m�

�
(18)

where n andm are integers, and "!̂m is a normalized angular velocity
and is slower than the unit frequency ("!̂m < 1). Here, f and fmn can
be scalars or elements of a vector or matrix. Equation (18) states that
f��� inM consists of the frequency that is an integer multiple of 2�,
modulated by slower frequencies represented by "!̂m. If f��� is a real
function, then we can impose

"!̂m ��"!̂��m� (19)

without losing generality.
Then let us introduce the following two operators:

L!̂c 
ei!̂�� �
�
ei!̂� �!̂ < !̂c�
0 �!̂ � !̂c�

(20a)

H!̂c

ei!̂�� �

�
1
i!̂
ei!̂� �!̂ � !̂c�

0 �!̂ < !̂c�
(20b)

These are called the averaging operator and integration operator,
respectively. These operators extract the low- and high-frequency
parts from the original functions, respectively.

For a general function inM, when taking !̂c �min j1� "!̂mj, the
operator’s effect is as follows:

Lmin j1�"!̂mj
f���� �
X

�1<m<1
fm0e

i"!̂m� (21)

Hmin j1�"!̂mj
f����

�
X

�1 < n <1
n≠0

X
m

1

i�n� "!̂m�
fmne

i�n�"!̂m�� (22)

where we assume

max j"!̂mj<min j1� "!̂mj (23)

Note that from the form of Eq. (21), we see that

Lmin j1�"!̂mj
f���� � f�2�l�jl��=2� � c� (24)

where c� is a certain constant. Equation (24) provides away to extract
the low-frequency part. Although this does not give us a concrete
expression for c�, weget fromEq. (24) the low-frequency component
of the spectrum of f���.

For example, if we take the state transition matrix for Keplerian
dynamics of the form in Eq. (10), it is found to be a member of M.
Indeed, Eq. (10) is obtained by substituting in Eq. (18) such that

fnme
i"!̂m� 7!

8>><
>>:
1 m� 0; n� 0
�
2�
W0 m ≠ 1; n� 0

Cn cos n�� Sn sin n� m� 0; n ≠ 0

0 others

(25)

Applying the averaging and integrating operators for !̂c � 1 gives

L1
���; 0�� � 1� �

2�
W0 (26a)

H1
���; 0�� �
X
n

1

n

Cn cos n�� Sn sinn�� (26b)

On the other hand, applying Eq. (24) to Eq. (10) provides, with a
certain constant matrix C�,
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� �2�l; 0�jl�2�=� �C� � 1� �

2�
W0 �

X
n

Cn �C� (27)

which is found to be equivalent to Eq. (26a) when we set

C � � �
X
n

Cn

The general perturbation force acting on the object relative to a
Keplerian reference orbit can be written as a function of a two-body
orbit position vector r0���, which is 2�-periodic, modulated by
the frequency of perturbation sources, represented by "!̂pm. For
example, if we consider a third-body perturbation, the perturbation
force is a function of r0��� and the position of the third-body
R�"!̂p��, which is a 2�=!̂p-periodic vector. Hence, the perturbation
force of this type satisfies f�r0���;R�"!̂p��� 2M. Thus,

f �r0���;R�"!̂p��� �
X

�1<n<1

X
�1<m<1

fmne
in�ei"m!̂p� (28)

Then from Eq. (24), we get

Lmin j1�"m!̂p j
f�r0�0�;R�"!̂p���� �
X

�1<m<1
fm0e

i"m!̂p� � c� (29)

where c� is a certain constant, and we assume

max j"m!̂pj<min j1� "m!̂pj (30)

Asm generally takes integer values ranging from negative infinity to
positive infinity, it must be truncated to a reasonable order to satisfy
Eq. (28). For example, a truncated function of Eq. (28) (in terms ofm)
can be written as

~f�r0���;R�"!̂p���≜
X

�1<n<1

X
�mt<m<mt

fmne
in�ei"m!̂p� (31)

and the first-order accuracy is satisfied when

kf�r0���;R�"!̂p��� � ~f�r0���;R�"!̂p���k <O�"� and

"mt!̂p < 1 � "mt!̂p
(32)

for appropriate mt > 0. Note that if we considerR�"!̂p�� not of the
third body, but from the other perturbation sources, it is still valid as
long as "!̂p can be assumed to be sufficiently small.

In the end of this subsection, let us derive formulas that will be
used in the following section. For f��� and g��� in M, we can
calculate

f��� � fHmin j1�"!̂fm�"!̂glj
g����g

�
X

�1<n<1

X
m

X
�1<k<1

k≠0

X
l

fmnglke
i�n�k�"!̂fm�"!̂gl�� (33)

fLmin j1�"!̂fm�"!̂gl j
f����g � fHmin j1�"!̂fm�"!̂glj
g����g

�
X
m

X
�1<k<1

k≠0

X
l

fm0glke
i�k�"!̂fm�"!̂gl�� (34)

These suggest that

L!̂c 
f �H!̂c

g�� � L!̂c 
L!̂c 
f� �H!̂c


g�� � 0

if !̂c �min j1� "!̂fm � "!̂glj (35)

III. Derivation of the State Transition
Matrix Approximation

Based on the discussions in the previous section, this section
provides an analytical derivation of the approximate state transition
matrix. We apply the generalized averaging method for linear

differential equationswith almost-periodic coefficients to our system
and derive the averaged state transition matrix that eliminates the
frequencies equal to or higher than the orbital frequency. To apply the
generalized averagingmethod,we impose the following assumptions
throughout this paper.

1) The perturbation effect we take into account is sufficiently slow
and small. The perturbation frequency is of the order of " when
compared with the orbital frequency, and its magnitude is also of
the order of " when compared with the gravity force of the primary
planetary body.

2) The effect of perturbationswith frequencies higher than or equal
to the orbital frequency is to be treated as additional terms to the
averaged solution.

3) Only up to first-order behavior (i.e., of the order of ") is taken
into account.

The first assumption enables us to take into account perturbations
due to third bodies and solar radiation pressure. The second assump-
tion is for nonslow perturbations such as J2 and higher-gravitational
effects and atmospheric drag. The third assumption simplifies the
derivation process at the cost of accuracy, which will be evaluated in
the later sections.

A. Averaged Motion of the Perturbed Reference Orbit

Consider the averaged solution for the differential equation with
initial conditions given in Eq. (7). Again, that is

�x0�ON � fA�N��� � �A�ON���g�x�ON � "b����
�x�ON�0� � 0 (36)

This imposes that the perturbed reference orbit coincides with the
Keplerian orbit at �� 0. In another words, we use the osculating
orbit parameters of �� 0.

To apply the generalized averaging method, we first need to
transformEq. (36) to a homogeneous differential equationwith small
coefficients. For this purpose, first, let us define the new state vector:

��ON��� � f��i���g �
�x�ON���
��7���

� �
(37)

This is defined by adding the seventh state to the original state vector
�x�ON . With this state vector, we can rewrite Eq. (36) as

��0ON��� �
A�N��� � �A�ON��� "b����

01�6 0

� �
��ON���

��ON�0� �
06�1
1

� �
(38)

which has now become a homogeneous differential equation. To
transform further to a differential equation with sufficiently small
coefficients, let us introduce the transformation from ��ON to ��ON
using

��ON��� �
��N��; 0� 06�1

01�6 1

� �
��ON���≜������ON��� (39)

where ��ON��� can be interpreted as a virtual initial state at �� 0
calculated backward from the current state vector, when assuming
that the state vector is subject only to the Keplerian dynamics.
Because, in reality, the state vector is affected by perturbations, ��ON
becomes a function of �.

Using Eq. (38), Eq. (39) can be transformed as

��0ON��� ���1��� �A�ON��� "b����
01�6 0

� �
������ON���

��ON�0� �
06�1
1

� �
(40)

As we know from Eqs. (5) and (8) that both �A�ON��� and "b���� are
of the order of ", Eq. (40) can be said to be a homogeneous differential
equation with a small coefficient of the order ".
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Now let us apply the generalized averaging method to Eq. (40),
which is of the type

��0ON �K�����ON (41)

whereK��� 2M, asK��� contains only 2�-periodic trigonometric
functions and rN��� and the perturbation force on the Keplerian
reference orbit. According to the generalized averaging method (see
Appendix B), if we find the solution to the generating function U���
that satisfies

U �K�KH!̂c

U� �H!̂c


U�L!̂c 
U� (42)

then we obtain the averaged system equation as

� ��0ON �L���� ��ON (43)

whereL� L!̂c 
U�, andwedenote � ��ON as the averaged state variable
of ��ON .

If we assume thatU��� has the same form asK���, usingEqs. (35),
(42), and (43), we get

L ��� � L!̂c 
K���� (44)

where !̂c �min j1� 2"!̂pmj. Equation (44) can be further
calculated using Eq. (24) as

L������1�2�l�
�A�ON�2�l� "b��2�l�

01�6 0

" #
��2�l�

����
l��=2�

�"C�

�
��1�N�A�ON��N� "C�1 "��1�Nb�� "C�2

01�6 0

" #����
l��=2�

(45)

with certain constantmatricesC�,C�1 , andC
�
2 . To solve Eq. (43)with

the given coefficient matrix Eq. (45), we use the series expansion

L�L0 � "L1 � "2L2 � 
 
 


� ��ON � � ��ON0 � "� ��ON1 � "2� ��ON2 � 
 
 
 (46)

put it into Eq. (43) and equate the same-order terms for "i. The zeroth
and first-order equations become

���0ON0 � 0

���0ON1 �
�

��1�N�A�ON��N "��1�Nb�
01�6 0

� �����
l��=2�

�"C�
�
���ON0

(47)

From these, we can obtain the first-order solution for Eq. (43) under
the initial condition given in Eq. (38) as

���ON��� �
06�1
1

� �
�
Z
�

0

�1 � s
2�
W0�L!̂c 
"b��s�� � "C�2

0

� �
ds

(48)

Because, from Eqs. (24) and (39),

� ��ON��� � L!̂c 
������ON���� � 
��2�n����ON����n��=2� �
c�3
0

� �
(49)

with a certain constant vector c�3, Eq. (48) can be transformed to

� ��ON����
06�1
1

� �

�
Z
�

0

�1� 1
2�
��� s�W0�L!̂c 
"b��s���

�
1� �

2�
W0

�
"c�3

0

2
4

3
5ds
(50)

The perturbation terms "b��s� is assumed to be of the form Eq. (28)
and its low-frequency part is given by Eq. (29). Therefore, the

averaged relative motion � �x�ON , which is the first six elements of

� ��ON in Eq. (50), is obtained by performing the integration of the
right-hand side of Eq. (50). For the purpose of this paper, we want to
knowonly the functional form of it. Consequently, we can state that it
takes the form

� �x�ON��� � "
�
p0 � p1

�

2�
� p2

�
�

2�

�
2

�
X
m

fpcm cos !̂pm�

� psm sin !̂pm�g
�

(51)

where p0, p1, p2, pcm, and psm are constant vectors.

B. Averaged Monodromy Matrix for Relative Orbital Motion

Between Two Spacecraft

Consider the averaged solution for the differential equation (with
arbitrary initial condition) given in Eq. (16) (shown again next):

�x0�PO � fA�N��� � �A�PO���g�x�PO (52)

As it is already a homogeneous differential equation, we will go
through similar manipulations as we did with Eqs. (39–51). By
introducing the transformation

�x�PO���≜��N��; �0���PO��� (53)

where �0 is the true anomaly at an initial condition, Eq. (52) is
transformed to the following differential equation with small
coefficients:

��0PO��� ���1�N��; �0��A�PO�����N��; �0���PO��� (54)

where �A�PO��� is given in Eq. (17). We see from Eqs. (15) and (51)
that �A�PO��� averaged over an orbital period takes the form

� �A�PO��� � "
�
A�PO0 �A�PO1

�

2�
�A�PO2

�
�

2�

�
2

�
X
m

fA�POcm cos !̂pm��A�POsm sin !̂pm�g
�

(55)

where A�PO0, A�PO1, A�PO2, A�POcm, and A�POsm are constant

matrices, and � �A�PO��� is therefore of the order of ".
By applying the generalized averaging method, we get the

following averaged system equation:

���0PO �L������PO (56)

where L��� can be calculated as

L�L!̂c 
��1�N��;�0��A�PO�����N��;�0��

�
�
1����0

2�
W��0�

�
� �A�PO���

�
1����0

2�
W��0�

�
�"C� (57)

In Eq. (57), !̂c �min j1� 2"!̂pmj, and C� is a certain constant
matrix.

By following the procedure used for Eq. (46), we get thefirst-order
solution for Eq. (56) as

���PO��� � 1�
Z
�

�0

��
1 � s

2�
W0

�
� �A�PO�s�

�
1� s

2�
W0

�

� "C�
�
ds � ���PO��0� (58)

From Eqs. (53), (55), and (57), we obtain the form of � �x�PO as
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� �x�PO��� �
�
1� � � �0

2�
W��0�

�

�
�
1�

Z
�

�0

��
1 � s

2�
W0��0�

�
� �A�PO�s�

�
�
1� s

2�
W��0�

�
� "C�

�
ds

�
�x�PO��0� (59)

The coefficient matrix appearing in Eq. (59) is the desired state
transition matrix averaged over each orbital period:

���P��; �0� �
�
1� � � �0

2�
W��0�

��
1�

Z
�

�0

��
1 � s

2�

�W��0�
�
� �A�PO�s�

�
1� s

2�
W��0�

�
� "C�

�
ds

�
(60)

From Eqs. (55) and (60), the averaged state transition matrix for one
orbital period, to the first order, is found to take the form

M�n; �0�≜ ���P�2�n� 1��� �0; 2n�� �0�

� �1�W��0��
�
1� "

�XlP
m�0
�Mpm��0�nm�

�
XlS
m�1
�Mcm��0� cos 2�!̂pmn�Msm��0� sin 2�!̂pmn�

��
(61)

where n is an integer orbital revolution number;Mpm,Mcm, andMsm

are all 6 � 6 constant matrices (for a fixed �0); and lP and lS are the
maximum order of polynomial and sinusoidal terms, respectively.
From Eqs. (55) and (60), we see analytically that lP � 2 and lS is
infinity. W is defined in Eq. (A16).

Equation (61) provides a convenient form for curve-fitting, in
which W��0� is determined from Keplerian elements (osculating
orbital elements) at the initial epoch �� �0, and the parametersMpm,
Mcm, andMsm can be determined using data from high-fidelity orbit
propagators.Because it can incorporateall theperturbation termswith
a time constant longer than the orbital period, it is expected to model
theaveragedsolutionoffirst-orderorbitalmotionovera longduration.

C. Approximate Relation Between Time and True Anomaly

So far, we used the true anomaly as the dependent variable. It is
useful, however, to choose time as the dependent variable for
practical applications. For example, spacecraft onboard systems
usually know the current time immediately by onboard clocks, but to
obtain the true anomaly requires some sort of orbit calculation using
their current position information.

The relation between the mean anomaly MO of the perturbed
reference orbit �rIO; _rIO� and the time is given by the following
Gauss’s planetary equation for mean anomaly:

dMO�t�
dt

� !N �
b

!Na
2be

��
b2

a
cos �N � 2rN��N�e

�
� "fNr��N�

�
�
b2

a
� rN��N�

�
sin �N � "fN���N�

�
(62)

where a, b, !N , e, and �N are the semimajor axis, semiminor axis,
natural frequency, eccentricity, and true anomaly of the reference
(Keplerian) orbit, respectively; "fNr and "fN� are the perturbation
forces along the radial direction and tangential direction. As we see
from Eq. (62) that the right-hand side of the equation is of the form of
M given in Eq. (18) with no secular terms, the averaged behavior of
the true anomaly can be written as

�� O�t� � L!̂c 
�O�t�� � L!̂c 
MO�t�� � !Nt� "
�
�0 � �1t

�
X
m

f�cm cos "!pmt� �sm sin "!pmtg
�

(63)

where we assume !̂c �min j1� 2"!̂pmj, "!pm is the angular
frequency of the perturbation force, and �0, �1, �cm, and �sm are
constant parameters.

As we have derived in the previous sections, the behavior of the
follower satellite linearized around the leader satellite (although it is
expressed using the two-body reference orbit information), the true
anomaly appearing as the dependent parameters of the approximate
state transition matrix Eq. (61), should actually be �O�t�. Therefore,
one should use Eq. (63) to obtain the true anomaly from the time. The
normalized angular frequency of perturbation forces "!̂pm appearing
in the previous sections [e.g., in Eq. (61)] should also be normalized
using Eq. (63). Specifically, it becomes

"!̂pm �
"!pm

�d=dt�� ��O�
	

"!pm
!N � "�1

(64)

D. Approximate State Transition Matrix Between Arbitrary Times

By using Eq. (61), the averaged state transition matrix after n
revolutions can be obtained as follows:

���P�2�n� �0; �0� �M�n � 1; �0� � 
 
 
 �M�1; �0� �M�0; �0�

�
Yn�1
k�0

M�k; �0� (65)

Because Eq. (65) provides a state transitionmatrix averaged over one
orbital period, it contains effects of all terms slower than the orbital
period.Aswe consider the orbital dynamics, the remaining terms that
are not taken into account in Eq. (65) are all periodic functions
containing only an integer-multiple frequency of the orbital
frequency. Thus,

��P�2n�� �0 ���; �0� �
XlI
k�1

Nck��0� cos k��

�Nsk��0� sin k��� �
Yn�1
k�0

M�k; �0� (66)

where 0 � �� < 2�, Nck and Nsk are 6 � 6 constant matrices (for a
fixed �0) corresponding to coefficients of the Fourier series, and lI is
the maximum order of the Fourier coefficients to be considered.

E. Outline of Parameters Determination Process

As shown in Eq. (66), the total number of 6 � 6 coefficient
matrices q is given by

q� qI � qA (67)

where

qI � 2lI; qA � lP � 1�
XN
i�1

2lSi

where N is a number of periodic perturbation sources to be
considered. Therefore, there are 36q parameters to be determined by
the following parameter-determination process.

For this purpose, let us introduce the matrix vectorization operator
defined as

vecA� 
a11a21 
 
 
 an1a12a22 
 
 
 anm�T for A� faijg 2 Rn�m

(68)

Equation (61) can be reformulated in the following form:

vecM�n; �0� � F�n; �0� 
 pA��0� (69)

where pA��0� is a 36qA � 1 columnvector for which the elements are
composed of each element of Mpm, Mcm, and Msm: that is,
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pA��0� � 
fvecMp0��0�gT; fvecMp1��0�gT; . . . ;
fvecMc1��0�gT; . . . ; fvecMs1��0�gT; . . .�T (70)

F�n; �0� is a 36 � 36qA matrix to equalize Eqs. (61) and (69). This is
always possible because the approximate monodromy matrix given
by Eq. (61) is linear in terms of the parameter matrices Mpm, Mcm,
and Msm.

One of the simplest ways to determine pA is to apply the least-
squares method:

p A �
�X

n

F�n; �0�TF�n; �0�
��1�X

n

F�n; �0�TvecM�real��n; �0�
�

(71)

where we denote M�real� as the real data of M obtained by high-
fidelity orbit propagation. Thus,M�fit�, an estimated value ofM, can
be obtained by rearranging each element of pA by the inverse
operation of Eq. (70) and applying Eq. (61).

The parametermatrices within one orbital period,Nck andNsk, can
be determined by substituting the estimated monodromy matrix

M�fit� and the real data of the state transition matrix ��real��P into
Eq. (66):

��real��P �2n�� �0 ���; �0� �
Yn�1
k�0

M�fit��k; �0�

�
XlI
k�1

Nck��0� cos k���Nsk��0� sin k��� (72)

In Eq. (72), the right-hand side of the equation contains unknown
parameters to be determined, and the left-hand side of the equation is
given. Therefore, in the sameway aswe did inEqs. (69–71), the least-
squares estimate of Nck and Nsk can be obtained.

F. Optimum Phase for Parameters Determination

When determining the parameters in Eq. (66), we have freedom to
choose the phase �0, which leaves room for optimization. To search
for the optimum phase, let us simplify in such a way that the state
transition matrix within one orbital period is approximated by the
Keplerian dynamics. In this case, the relative state vector is calculated
from Eq. (66) as

�x�PO�2n�� �0����	��P�2n�� �0���; �0��x�PO��0�

���N��0���; �0�
Yn�1
k�0

M�k; �0��x�PO��0����N�2n�

� �0���; �0�f�x�PO��0�� "G�n;�0; �x�PO��0��pA��0�g (73)

where pA��0� is a 36qA � 1 estimation parameters vector defined in
Eq. (69), and "G is a 6 � 36qA coefficient matrix to appropriately
complete Eq. (73). This is always possible because the approximate
monodromy matrix is linear in terms of pA. Equation (73) explicitly
relates the estimation parameters vector pA with the state vector at
an arbitrary true anomaly. The error in the state vector due to the
estimation error inpA is measured by the covariancematrix. To know
the covariance matrix for an arbitrary time, let us put �� 2n��
�0 ��� and denote ���0� as the deviation of "GpA (corresponding
to the fitting error, assuming a uniform and independent event). Then
the covariance matrix of �x�PO���, denoted by ����, becomes

� ��� 	��N��; �0���N��; �0�T���0�2 (74)

where ���� provides an index of how the fitting inaccuracy affects
the accuracy of the propagation of state vectors. In Eq. (74),��N�

T
�N

can be considered as a scale factor to bemultiplied to the fitting error.
Hence, the optimum phase that minimizes the growth rate of the
propagation error due to the fitting error can be obtained when the
following function is minimized:

J��; �0� �
���������������������������������������������������
tr
��N��; �0���N��; �0�T �

p
(75)

Figure 1 shows J�2�� �0; �0� for various-eccentricity orbits. In
all cases, J�2�� �0; �0� isminimized at apoapsis (which implies that
the best state transition matrix data for curve-fitting are those at
apoapsis) and is especially crucial for high-eccentricity orbits. If we
choose apoapsis data, then the magnification factor of the fitting
errors after one orbital period is around 10, whereas if we choose
periapsis data, the factor becomes worse by up to four orders of
magnitude. Therefore, it is important to choose apoapsis data as a
source for curve-fitting for long-term evaluations of relative orbital
motions.

Figure 2 shows the propagation of the fitting error for up to 10
orbital revolutions when using periapsis and apoapsis data [J��; 0�
and J��; ��]. As is seen from these figures, the propagated error is
proportional to time in both cases. However, as is also implied from
Fig. 1, their slopes vary widely. Again, we see that using apoapsis

Fig. 1 Propagations of estimation error after one revolution with

different initial true anomaly.

Fig. 2 Propagations of estimation error for 10 rev performed at

a) periapsis (�0 � 0) and b) apoapsis (�0 � �).
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state transition matrix data is optimal for minimizing the effect of the
estimation error with a given fitting performance.

IV. Numerical Validations

A. Performance for Typical Formation-Flying Orbit

To use the approximate state transition matrix proposed in the
previous sections, the source information of state transition matrices,
to which the approximate state transition matrix is going to be fitted,
is required. The source information must be accurate, and hence
it is assumed to be generated by a high-fidelity orbit propagator.
For the evaluations in this paper, we generate this source matrix data
by a numerical-symplectic state transition matrix derived in [20].
Perturbations incorporated in the source matrix data include the
geopotential terms of the Earth up to the (degree, order) of (5,5) and
the third-body gravitational effect of the sun and the moon through-
out this paper.

The performance of the approximate state transition matrix is
evaluated for Earth orbits using the following specific form, derived
from Eqs. (61) and (66):

��P�2�n� 1��� �0 ���; 2n�� �0� � �1�W��0��

�
�
1� "

XlP
m�0
�Mpm��0�nm� � "

XlS1
m�1
�M1cm��0� cos 2�m!̂p1n

�M1sm��0� sin 2�m!̂p1n� � "
XlS2
m�1
�M2cm��0� cos 2�m!̂p2n

�M2sm��0� sin 2�m!̂p2n� � "
XlI
m�1

Ncm��0� cosm��

�Nsm��0� sinm���
�

(76)

where !̂p1 and !̂p2 are the angular velocities of the sun and the moon
normalized by the orbital angular velocity with the correction based
onEq. (64). By the formEq. (76), the geopotential perturbation effect
in the source matrix data is to be absorbed by the polynomial terms
(the first summation term in the large bracket), whereas the sun’s
and moon’s perturbation effects are to be absorbed by both the
polynomial terms and the corresponding sinusoidal terms (the
second and third summation terms). The fourth summation term in
Eq. (76) corresponds to the interpolation term.

The variables lP, lS1, lS2, and lI in Eq. (76) are the order of
approximations for the polynomial, the sun’s and moon’s sinusoidal
terms, and the terms for an interpolation between one orbital
revolution, respectively. Various combinations of approximation
orders �lP; lS1; lS2; lI� are possible to achieve a desired performance.
Some example combinations of approximation orders and the
resulting number of parameters to be fitted are shown in Table 1. The
total number of variables in Table 1 is calculated through 36q, where
q is defined in Eq. (67). The last two cases (p2s2m4-symp1 and
p2s2m4-symp2) are the results of the parameter reduction using a
mathematical structure of the state transition matrix, and they are
discussed in detail in the next section.

Table 2 shows the orbit parameters of the leader satellite and
the follower satellite to be used for the following performance
evaluations. Twoorbits are selected to have identical semimajor axes,
which means that if there are no perturbations, the relative motion of
the two spacecraft would be periodic. In reality, due to the presence of
perturbation forces, the relative motion is not periodic and is shown
in Fig. 3.

Figure 4 shows results of the curve-fitting for the case p2s2m4. In
this case, the interpolation terms are omitted and the graphs are
plotted with one orbital-period step with the data at each apogee.
The fitting span is chosen to be 90 orbital revolutions. Figure 4a
shows the true-anomaly deflection from that calculated by the cor-
responding Keplerian dynamics. It shows an almost linear behavior,
which supports the validity of Eq. (63). Figure 4b shows the fitting
quality of the curve-fitting, evaluated by

fitting quality � kM�n; �0�
�fit� �M�n; �0��real�k

kM�n; �0��real�k
(77)

It can be seen that the fitting quality is flat and is not deteriorated
thorough the 90 revolutions of the fitting span, which indicates that
the functional form in Eq. (76) is well suited for the perturbed state
transition matrix over a long duration. The fitting error outside the
fitting span is observed to grow worse. This is because the fitting is
optimized only for the fitting span (of 90 revolutions in this case.)

Figure 4c is the positional error for the orbital parameters shown in
Table 2. The error is evaluated according to

positional error � kr�t�
�true� � r�t��fit�k
kr�t��true�k (78)

The error here is the difference between the relative positions
calculated by the sourcematrix data and the fittedmatrix data.We see

Table 1 Test cases for numerical validations and its relation to the number of parameters

Approximation Order Number of Matrix

Case ID Polynomial
lP

Sun freq.
lS1

Moon freq.
lS2

Interpolation
lI

Polynomial
Mp

Sun freq.
M1s,
M1c

Moon freq.
M2s,
M2c

Interpolation
Ns, Nc

Total no of
variables

p0s0m0 0 0 0 —— 1 0 0 0 36
p2s0m0 2 0 0 —— 3 0 0 0 108
p2s0m1 2 0 1 —— 3 0 2 0 180
p2s0m2 2 0 2 —— 3 0 4 0 252
p2s2m2 2 2 2 —— 3 2 4 0 324
p2s2m4 2 2 4 —— 3 4 8 0 540
p2s2m4i4 2 2 4 4 3 4 8 8 828
p2s2m4-
symp1

2 2 4 —— 3 4 8 0 225

p2s2m4-
symp2

2 2 4 —— 3 4 8 0 225

Table 2 Orbital elements for performance testa

a, km e i, deg �, deg !, deg �, deg

Leader 89,292 0.4 30 0 0 180
Follower 89,292 0.40000969 30 0 �0:001604 �179:998625
aOrbital epoch is 1 Jan. 2010 at 0000 hrs Coordinated Universal Time and the initial spacecraft distance is 1000m at
apogee.
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that 0.1–1% accuracy is achieved. Figure 4d is the error between the
positions calculateddirectlyby the sourcematrixdata andby thefitted
matrix data. Because the real orbital behavior is nonlinear, the
calculation based on the sourcematrix data still has an error due to the
linearization. Therefore, Fig. 4c shows the error due to the fitting
performance, and Fig. 4d shows the overall error including the fitting
performanceand theeffect ofnonlinearity.The important pointhere is
thatwesee fromFig. 4d that thefitteddata alignwellwith the real data,
which implies that the fitting error is less than the nonlinearity error.
Therefore, the approximate state transitionmatrix for this typical case
can be said to be practical and useful.

Figure 5 shows the case p2s2m2i4, which simply adds the inter-
polation terms to p2s2m2. Figure 5a shows the fitting quality as
a function of the true anomaly. To see the fitting quality of the
interpolation terms, all the data for 90 revolutions are plotted modulo
360 deg. The graph shows that the systematic error is dominant rather
than the random error. This implies that higher-order interpolation
terms would improve fitting quality. Figure 5b is the positional error,
which corresponds to Fig. 4c with denser data (the data between one
orbital period are added). The error magnitude is worst around
perigee, due the magnification effect of the propagation, which is
basically the same reason as discussed in Sec. III.F. Nevertheless, the

error is bounded throughout 90 revolutions, providing a flat level of
positional error throughout the fitting span.

B. Performance for Various Approximation Orders

Performancevariations for several combinations of approximation
orders are evaluated using the orbital data in Table 2. Figure 6 shows
the error betweenfitted data and the real (nonlinear) data. The relative
position calculated based on a two-body (Keplerian) dynamics is
also plotted for comparison. The source data in Fig. 6, which are
calculated with the source matrix data, provide the theoretical
minimum. The figure indicates that the Keplerian dynamics cannot
achieve sufficient accuracy, as the curve for it always shows double-
digit larger error than the curve for the source data. By adding more
approximation terms, it is improved to almost align with the source
data. For this orbit, second-order terms for polynomial and sinusoidal
terms seem sufficient.

C. Performance for Various Eccentricity

The approximate state transition matrix is applied to various-
eccentricity orbits. The orbital parameters chosen for the evaluation
are based on Table 2, except for the eccentricity. The results are

Fig. 3 Example of relativemotion in an elliptic orbit with andwithout perturbation effects, drawn in a rotating coordinate frame.Orbital parameters of
this drawing are shown in Table 2.

Fig. 4 Example of fitting performance.

TSUDA AND SCHEERES 1789



shown in Fig. 7. As can be seen from this figure, the positional error
does not differ as much as the eccentricity is changed. This indicates
that the functional form of Eq. (76) covers a wide range of orbital
shapes without deteriorating its fitting performance.

D. Performance for Various Semimajor Axis

The approximate state transition matrix is applied to various
semimajor-axis orbits. The orbital parameters chosen for the evalu-
ation are based on Table 2, except for the semimajor axis. As is
indicated by Eq. (32), the applicability of the generalized averaging
method is limited by the relation between an orbital period and the
period of the sun and the moon. The fitting performance is expected
to deteriorate as the spectrum of the Keplerian orbital behavior gets
close to or overlapswith those of the sun and themoon. Equation (32)
suggests that the perturbation sources that have a closer frequency to
the Keplerian orbit frequency have a stronger effect, which is the
moon for general Earth orbits. FromEq. (32), the following condition
is derived:

T <
Tmoon

2nmoon

(79)

where nmoon ≜max�lS2� and T is the orbital period. This provides
a rough guide to the maximum orbital period for which the

approximate state transition matrix is valid, when the nmoonth-order
sinusoidal terms of the moon’s perturbation is not negligible.

Figure 8 shows the average fitting quality and the variance of the
positional error in the 90-revolution fitting span. As expected from
the preceding discussions, the error increases as the semimajor axis
increases. The limitations derived by Eq. (79) are also plotted for
nmoon � 2, 3, 4. From Fig. 8b, it can be seen that 1% positional
accuracy is achieved for orbits with up to 10-Earth-radii semimajor
axes. This, of course, covers low Earth orbit (LEO), geosynchronous
orbits, and equivalent-period orbits with arbitrary eccentricities.

V. Parameter Reduction Using the Symplectic
Structure of the State Transition Matrix

This section considers a fundamental mathematical structure that
state transition matrices for any Hamiltonian system possess by
nature. Symplecticity is one such mathematical structure. Because
symplecticity is a direct outcome of a Hamiltonian formulation,
preserving symplectic structure provides an important feature for
Hamiltonian system, such as conservations of the energy and angular
momentum, and even eigenstructure. A typical example of the
importance of the symplectic property for state transition matrices
in astrodynamics is found in [23–25], in which it is shown that the
propagation of orbit uncertainty has certain constraints and pro-
perties that arise from the symplectic form of the state transition
matrix. Thus, it is important to maintain these properties when
mapping orbit uncertainty. It also provides some nice properties for
practical numerical manipulation [20].

A. Symplectic Structure of a Hamiltonian System

Let us limit discussions hereafter to the case inwhich the dynamics
we deal with are subject to Hamiltonian mechanics. This implies that
we consider third bodies and higher-order gravitational potential, but
any dissipation forces such as atmospheric drag are out of scope for
the following discussions.

It iswell known that the state transitionmatrix for anyHamiltonian
system � is symplectic: that is,

� TJ�� J (80)

where

J � 03�3 13�3
�13�3 03�3

� �
(81)

is called the symplectic basis. Note that J has the following special
properties:

J 2 ��13�3; JTJ� 13�3; JT ��J; jJj � 1 (82)

It can easily be derived from Eqs. (80) and (82) that if�1 and�2 are
symplectic, then �1�2 is also symplectic. We can also get the
following symplectic inverse formula from these equations:

� �1 � J�1�TJ��J�TJ (83)

These properties are important mathematical structures and
show that symplectic matrices form a group. They are also useful
for practical numerical computations when using state transition
matrices.

Fig. 5 Example of interpolation within one orbital period.

Fig. 6 Positional accuracy for various approximation orders.

Fig. 7 Positional accuracy for various-eccentricity orbits.
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Let � and � denote the eigenvalue and eigenvector of the state
transition matrix �, respectively. They satisfy

��� �� (84)

Hence,

� T�T � ��T ) ��TJ���T�TJ�� �TJ

and consequently,

��TJ��� ��1��TJ� (85)

where�TJ and ��1 are seen to be the left eigenvector and eigenvalue
of �, respectively. Therefore, if � is a real matrix, and if one of the
eigenvalues is �, then ��1, ��, and ���1 are also eigenvalues of �,
where �� denotes a conjugate of �. This property induces the
following equality:

det��
Y
i

�i � 1 (86)

B. Conditions to Preserve Symplectic Structure

Let us write the monodromy matrix in the following compact
form:

M�n; �0� ���N��0 � 2�; �0�
1� "M1�n; �0�
� "2M2�n; �0� � 
 
 
� (87)

where "iMi represents the ith-order terms of ". If we consider up to
first order, Eq. (87) is equivalent to Eq. (61) [M1 corresponds to the
summation of the terms attached to parameter matrices Mpm, Mcm,
and Msm in Eq. (61)]. Note that if �N��0 � 2�; �0� is symplectic,
��N��0 � 2�; �0� is also symplectic, because

��N��0�2�;�0�TJ��N��0�2�;�0���T��0��1�N��0
�2�;�0�T��0��TJ�T��0��1�N��0�2�;�0�T��0��

� 1

_�0
T��0���N��0�2�;�0�TJ�N��0�2�;�0��T��0��J (88)

For M�n; �0� to be symplectic, from Eq. (80), it must satisfy


1� "M1�n;�0�� "2M2�n;�0�� 
 
 
�T�T
�NJ��N 
1� "M1�n;�0�

� "2M2�n; �0�� 
 
 
� � J (89)

By equating the same-order terms of ", we obtain, for first order,

M 1�n; �0�TJ� JM1�n; �0� � 0 (90)

and for second order,

M 2�n; �0�TJ� JM2�n; �0� �M1�n; �0�TJM1�n; �0� � 0 (91)

Equation (90) provides the first-order symplectic condition. To
satisfy it at any revolution number, all the parameter matricesMpm,
Mcm, and Msm in Eq. (61) must satisfy Eq. (90) individually. If
M1�n; �0� is divided into four submatrices as

M 1�n; �0� �
M1�1;1� M1�1;2�
M1�2;1� M1�2;2�

� �
(92)

then Eq. (86) is equivalent to

M 1�1;1� � �MT
1�2;2�; M1�1;2� �MT

1�1;2�; M1�2;1� �MT
1�2;1�

(93)

The condition Eq. (93) implies that there are only 15 independent
elements in 6 � 6 matrix M1�n; �0�. Therefore, by taking into
account the first-order symplectic structure, the total number of
parameters to be determined is reduced from the original 36qA to
15qA, where qA is defined in Eq. (67). The same thing is true forNck

and Nsk, which means that the parameters for the approximate state
transition matrix with an interpolation between one orbit is reduced
from 36q to 15q.

C. Modifier Matrix to Satisfy Second-Order Symplecticity

It will be shown later that the first-order symplectic condition does
not always provide sufficient accuracy in terms of symplecticity. The
second-order symplectic condition Eq. (91) can be used to improve
this symplecticity error.

For a givenM1�n; �0� (by curve-fitting), ifM2�n; �0� is found such
that they satisfy Eq. (91), the resulting approximate state transition
matrix would be second-order symplectic. Because M2�n; �0� in
Eq. (87) is a second-order term, the effect of the addition ofM2�n; �0�
is, at most, of second order. Therefore, such anM2�n; �0� is expected
to provide second-order accuracy on symplecticity without affecting
the first-order accuracy of the approximate state transition matrix
obtained by curve-fitting.

To solve Eq. (91), let the equation be rewritten in the following
vectorized form:

Fig. 8 Positional accuracy for various semimajor-axis orbits.
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vec fM2�n; �0�TJg � vecfJM2�n; �0�g
� �vecfM1�n; �0�TJM1�n; �0�g
) Ha��b;

H≜ 
��J� 16�6�E� �16�6 � J��; a≜ vecfM2�n; �0�g;

b≜ vecfM1�n; �0�TJM1�n; �0�g
(94)

where� represents the Kronecker product andE is a 36 � 36 square
matrix that satisfies vecfMg �E 
 vecfMTg. H, a, and b are
36 � 36, 36 � 1, and 36 � 1 matrix and vectors, respectively. Note
that H is a constant matrix with rankH� 15. The independent
elements of b are also 15. Thus, Eq. (94) is solvable for a but is an
underdetermined condition. Hence, denotingK as a 15 � 36 matrix
that extracts 15 independent elements from b, one of the solutions
can be obtained by minimizing the following objective function:

J� 1
2
aTa� �T�KHa �Kb� (95)

where � is a conjugate vector. Consequently, M2�n; �0� can be
obtained by the following one-step procedure:

M2�n; �0� � vec�1f�KH�T 
�KH��KH�T ��1K

 vecfM1�n; �0�TJM1�n; �0�gg (96)

where vec�1 is an inverse operation of Eq. (68). Note that
�KH�T 
�KH��KH�T ��1K is a constant matrix. Therefore, for
onboard applications, for example, this matrix can be preset in
onboard software.

D. Numerical Validations of the Symplectic Approximate

State Transition Matrix

Figure 9 shows the fitting quality, determinant, and symplecti-
city error for the cases p2s2m4, p2s2m4-symp1, and p2s2m4-
symp2. Case p2s2m4 is the approximation without imposing the
symplectic constraints. Case p2s2m4-symp1 is the first-order
symplectic constrained, and p2s2m4-symp2 is the second-order
symplectic constrained. The numbers of matrices and parameters
for these cases are shown in Table 1.

Figure 9 indicates that the fitting quality is in the same error range
regardless of the addition of constraints. Cases p2s2m4-symp1 and
p2s2m4-symp2 are almost overlapped, whichmeans that the second-
order symplecticity modifier Eq. (96) does not affect the fitting
quality.

The determinant error and symplecticity are evaluated by

determinant error � j det�P � 1j
symplecticity� k�T

PJ�P � Jk (97)

Case p2s2m4-symp1 does not improve the determinant and
symplectic properties as compared with p2s2m4. This is because
the source matrix data are generated by the numerical-symplectic
state transition matrix [20], which is very precise in terms of the
symplecticity, and p2s2m4 already has more than first-order
accuracy in symplecticity. Therefore, by adding constraints in
p2s2m4-symp1, the adaptability for fitting decreases and, as a
consequence, the symplecticity is not improved, but rather slightly
deteriorated.

This situation is improved by p2s2m4-symp2, which drastically
improves the determinant error and the symplecticity, as is expected
from the discussions in the previous subsection. Thus, for the second-
order symplectic approximate state transition matrix, it can be said
that the fundamentalmathematical structure of aHamiltonian system
is preserved. It also leads to a justification of the use of nice properties
of symplecticmatrices, such as Eq. (83), for practical implementation
of the approximate state transition matrix to actual missions.

VI. Conclusions

An approximation method for state transition matrices for orbits
around a primary body subject to arbitrary perturbation forces was
derived. The generalized averaging method for linear differential
equations with almost-periodic coefficients was employed to isolate
high- and low-frequency spectra in perturbation terms, and it
constructed a functional form of the approximate state transition
matrix composed only of elementary analytic functions. The
resulting state transition matrix is expressed with a small number of
constant parameter matrices and osculating orbit parameters at the
initial epoch, and is valid for tens of orbital revolutions without
updating the parameters. In typical relative orbit calculations, an
accuracy level of 0.1–1% of relative distance between spacecraft is
achieved for arbitrary-eccentricity orbits with a semimajor axis
ranging from LEO up to around 10 Earth radii when applied to Earth
orbits. It is also shown that the symplectic property of state transition
matrices can be incorporated into the method, which not only
improves the geometrical preciseness of the derived state transition
matrix, but also reduces the number of parameters required for
approximations. Because of the simplicity and good approximation
accuracy of this method, the approximated representations proposed
in this paper can be implemented onboard spacecraft or used for
ground-based analyses when fast and iterative computations of
accurate state transition matrices are necessary.

Appendix A: State Transition Matrix
for Two-Body Orbital Dynamics

This section provides the concrete expression of ��N , the state
transition matrix of two-body (Keplerian) orbit observed in inertial
coordinates, which corresponds to the solution for Eq. (7) when
"� 0. The derivation here is based on [8].

Fig. 9 Performance of symplecticity-constrained approximation.
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The derivation begins with obtaining a state transition matrix
expressed in a rotational coordinate frame. For this purpose, let us
introduce a coordinate transformation matrixQ such that the inertial
coordinates is transformed to the rotating coordinates with the x axis
pointing toward the radial direction, the z axis perpendicular to the
orbital plane, and the y axis completes the right-hand system. Hence,
this transformation can be expressed as

�xR �Q�x� P 0
P0 P

� �
�r
�_r

� �
; P�

cos � sin � 0

� sin � cos � 0

0 0 1

2
4

3
5

(A1)

where �x and �xR are state vectors expressed in the inertial and
rotating coordinates, respectively, and � is the true anomaly. Using
this notation, the state transition matrix expressed in the rotational
coordinates is relatedwith one expressed in the inertial coordinates as

� �N��2; �1� �Q��2��1�R
�N��2; �1�Q��1� (A2)

The 6 � 6 matrix �R
�N is obtained as follows:

� R
�N��2; �1� � ���2����1��1 (A3)

where

� ��� � fpij���g; i; j� 1; 2; . . . ; 6 (A4)

p11 � e sin �; p12 � 2e2H��� sin � � e cos �

�1� e cos ��2

p13 �� cos �; p21 � 1� e cos �

p22 � 2eH��� � 2e2H��� cos �; p23 � sin �� sin �

1� e cos �

p24 �
1

1� e cos � ; p35 �
sin �

1� e cos �

p36 �
cos �

1� e cos � ; p41 � p011; p42 � p012

p43 � p013; p51 � p021; p52 � p022; p53 � p023
p54 � p024; p65 � p035; p66 � p036; otherwise pij � 0

(A5)
and

H��� � ��1� e2�3=2
�
3eE

2
� �1� e2� sinE� e

2
sinE cosE

�

H0��� � cos �

�1� e cos ��3 (A6)

where E is the eccentric anomaly associated with �. Note that this
derivation is valid for e ≠ 0. For a circular-orbit case, one can simply
use the solution for Hill’s equations, and the similar relations can
be obtained. By using Eqs. (A1–A6), we can concretely calculate
each element of the state transition matrix using only elementary
functions.

Because the system equation (7) (with "� 0) is a differential
equationwith periodic coefficients, we know fromFloquet’s theorem
that there is a monodromy matrixMN (constant matrix) that satisfies

� �N��� 2�; 0� ���N��; 0�MN (A7)

Hence, the state transition matrix over each orbital period is derived
as

� �N��� 2�; �� ���N��; 0�MN��N��; 0��1 (A8)

Using the derivation of the state transition matrix in Eqs. (A1–A6)
and (A8), the monodromymatrix is concretely calculated as follows:

M N ���N�2�; 0� � 16�6 �W0 (A9)

where W0 is a constant matrix given as

W 0 �Q�1

0 0 0 0 0 0

�w21 0 0 0 �w25 0

0 0 0 0 0 0

�w41 0 0 0 �w45 0

0 0 0 0 0 0

0 0 0 0 0 0

2
6666664

3
7777775
Q (A10)

where we abbreviate Q�0� �Q�2�� �Q, and

w21 �
6�1� e��2� e��
��1� e�2

�������������
1 � e2
p ; w25 �

6�1� e�2�
��1� e�2

�������������
1 � e2
p

w41 �
6e�2� e��

��1� e�2
�������������
1 � e2
p ; w45 �

6e�1� e��
��1� e�2

�������������
1 � e2
p (A11)

By noting the equality

W 2
0 � 0 (A12)

the following useful relations are derived:

M N � eW0 (A13)

M �1
N � 16�6 �W0 (A14)

� �N�2n�; 0� �Mn
N � enW0 � 16�6 � nW0 (A15)

Equation (A15) provides the secular term of��N , and the rest of the
terms of��N are to be all 2�-periodic. Thus, Eq. (10) is proved. From
Eqs. (A9) and (A15), we also get

� �N��0 � 2n�; �0� � 16�6 � nW��0� (A16)

where W��0� ���N��0; 0�W0��N��0; 0��1.
To transform to a time-domain expression, the transformation

matrix T given in Eq. (6) is used, and thus,

� N�t2; t1� � T�t2��1��N���t2�; ��t1��T�t1� (A17)

Appendix B: Generalized Averaging Method

The general procedure of the generalized averaging method for
linear differential equations with almost-periodic coefficients. This
procedure is based on [1].

The basic system to be dealtwith is the following linear differential
equation:

_x�A�t�x (B1)

where A�t� takes the specific form

A �t� �
X
n

�An cos!nt� Bn sin!nt� (B2)

Equation (B2) is one of the general representations of an almost-
periodic function. The problem to be solved here is to obtain the
averaged solution for Eq. (B1) by taking into account only the effect
of the lower-frequency part of Eq. (B2).

If the averaging and integration operators defined in Eq. (20) are
applied to Eq. (B2), we obtain

L!c 
A�t�� �
P

0�!n<!c
�An cos!nt� Bn sin!nt�

H!c

A�t�� �

P
!c�!n

!�1n �An cos!nt� Bn sin!nt�

9=
; (B3)

d

dt
H!c 
A�t�� �A�t� � L!c 
A�t�� (B4)

Now let us transform x to a new vector y by
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y � �1� V�t��x (B5)

where 1 is the identity matrix and V�t� is to be determined at this
point. Then assume that the transformed differential equation for y is
of the form

_y �L�t�y (B6)

whereL�t� is also to be determined. Substituting Eqs. (B5) and (B6)
into Eq. (B1), we obtain the following equation for V�t�:

_V�t� � U�t� �L�t� (B7)

where

U �t� �A�t� �A�t�V�t� � V�t�L�t� (B8)

We desire to chooseL�t� in such a way that the solution to Eq. (B7)
for V�t� is bounded for all t regardless of the form of U�t�. By
assuming that U�t� is of the same form as A�t� [i.e., of the form
Eq. (B2)], this leads to

L �t� � L!c 
U�t�� (B9)

where !c is a cutoff frequency to appropriately extract the region
having low frequency. The solution for V�t� then becomes

V �t� �H!c

U�t�� � V0 (B10)

where V0 is an arbitrary constant matrix and it can be treated as zero
in the current development.

ForV�t� andL�t� to be consistent, the condition forU�t� is derived
from Eqs. (B7–B10) as

U �t� �A�t� �A�t�H!c

U�t�� � H!c


U�t��L!c 
U�t�� (B11)

If U�t� is found such that it satisfies Eq. (B11), the governing
equation for y, which is the averaged behavior of x, can be found
through obtainingL�t� by Eq. (B9) and substituting it into Eq. (B6).
Therefore, U�t� is called the generating function of the trans-
formation equation (B5).

There are several ways to solve Eq. (B11). If one uses successive
approximation, the sufficient condition to guarantee the existence of
solutions is given by

kA�t�k< �3 � 2
���
2
p
�!c 	 0:172!c (B12)

The proof for this is given in [26]. As is mentioned in [1,26],
Eq. (B12) is a rather conservative sufficient condition, and there may
exist a solution even when Eq. (B12) is violated.
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